Abstract. We study high codimension mean curvature flow of a submanifold M n of dimension n in Euclidean space R n+k subject to the quadratic curvature condition
Introduction
Let F 0 : M n → R n+k be a smooth immersion of a compact manifold M n . The mean curvature flow starting from M 0 is the following family of submanifolds
where H(p, t) denotes the mean curvature vector of M t = F t (p) = F (p, t) at p. It is well known that this forms a system of (weakly) parabolic partial differential equations. Geometrically, the mean curvature flow is the steepest descent flow for the area functional of a submanifold and hence is a natural curvature flow. Flow by mean curvature has been investigated by many authors since Huisken's seminal paper, [17] (see also Brakke [3] ). A key central theme of mean curvature flow (and geometric flows in general) is the formation of singularities. In the case of mean curvature flow of mean convex hypersurfaces in Euclidean space White [33] , [34] and Huisken-Sinestrari [19] , [18] , [20] have developed a deep and far reaching analysis of the formation of singularities. The purpose of this paper is to obtain a suitable generalisation of these results for high codimension submanifolds.
A crucial step in the study of singularity formation in the mean convex mean curvature flow is the convexity estimate. This states that in regions of large mean curvature, the second fundamental form is almost positive definite. A similar estimate exists for three dimensional Ricci flow (Hamilton-Ivey estimate) [13] and for four manifolds with positive isotropic curvature [14] (for recent work on PIC see [5] , [4] ). The estimate in the mean curvature flow case following Huisken-Sinestrari uses Stampacchia iteration, the MichaelSimons-Sobolev inequality together with recursion formulae for symmetric polynomials. In contrast, White uses compactness theorems of geometric measure theory together with the rigidity of strong maximum principle for the second fundamental form. HaslhoferKleiner [15] , [16] develops an alternative approach to White's results based on Andrews's non-collapsed result for the mean curvature flow. We note that the Huisken-Sinestrari approach does not work for positive mean curvature in dimension two. The analysis of singularities and resulting mean curvature flow with surgery was developed independently by [6] and [16] .
Most of the work done on mean curvature flow in higher codimension uses assumptions on the image of the Gauss map. They have either considered graphical submanifolds, [9] , [22] , [29] , [31] , submanifolds with additional symplectic or Lagrangian structure [26] , [10] , [28] , [25] , [23] or using that convex subsets of the Grassmannian are preserved by the mean curvature flow, [27] , [30] , [32] .
We will consider conditions on the second fundamental form. In high codimension, the mean curvature flow is more complex than the hypersurface case. Firstly, the presence of the normal curvature greatly complicates reaction terms in the evolution equations for the second fundamental form. Secondly, there do not seem to be many useful invariant conditions.
In this paper, we will extend the singularity analysis of [20] , [19] to higher codimension. However, in high codimension, since we have no direct equivalent of positive mean curvature, we need to consider an alternative condition. Note that on a compact submanifold if H > 0, there there exists a c > 0 such that |A| 2 ≤ c|H| 2 and in fact this bound is preserved by the (co-dimension one) mean curvature flow. In fact such a condition makes sense for all codimensions. This lead Andrews-Baker [1] to consider the following pinching condition on the second fundamental form in high codimension
which was shown to be preserved by the mean curvature flow. For c = min{
}, remarkably they were able to prove convergence to a round sphere. We note that the condition |A| − 1 n−1 H 2 < 0, H > 0 implies convexity in codimension one. In this paper, we will wish to study singularity formation in high codimension mean curvature flow and will consider the following curvature pinching
for some ε > 0, where
In particular, note that
Such a solution is said to be quadratically bounded (we note here that this condition implies that M satisfies positive isotropic curvature) . It is very important to note that 3 n+2 − c n > 0 (for all n ≥ 2). Our method is a mixture of B. White [34] , [33] (as well as Haslhofer-Kleiner [15] ) and Huisken-Sinestrari [18] , [20] . In Huisken-Sinestrari the mean convexity condition is used to derive asymptotic convexity. This in turn is used to derive the asymptotic cylindrical estimates. And finally, the key gradient estimate follows from asymptotic cylindricality. In high codimension, we do not have a condition on the second fundamental form like convexity. However, we do have a notion of cylindricality and while it turns out that we can prove asymptotic cylindrical estimates without first proving asymptotic convexity, we instead directly prove the pointwise gradient estimates using the quadratic curvature condition.
Theorem 3.1. Let M t , t ∈ [0, T ) be a closed n-dimensional quadratically bounded solution to the mean curvature flow in the Euclidean space, R n+k with n ≥ 2, that is
. Then there exists a constant γ 1 = γ 1 (n, M 0 ) and a constant γ 2 = γ 2 (n, M 0 ) such that the flow satisfies the uniform estimate
Once we have shown the gradient estimate, we can use the Arzela-Ascoli theorem to derive local compactness theorems. We then can derive asymptotic cylindrical estimates following White [34] by using the rigidity of the evolution equation for the second fundamental form.
n → R n+k be a smooth solution to the mean curvature flow such that F 0 (p) = F (0, p) is compact and quadratically bounded. Then for all ε > 0 there is a
The above constants are optimal for n ≥ 8 as the following example shows. Consider the submanifold
with ε small and positive. The second fundamental form of this submanifold is given by
We compute that
We see that if
then the mean curvature flow does not necessarily develop S n−1 × R cylindrical singularities as the above examples are asymptotically S n−2 × R 2 . Also we can repeat the same construction above with
which lies in the interior of our curvature cone. Furthermore
with the standard metric also lies in the interior of our curvature cone. Hence using standard connected sum arguments, connected sums of S n−1 × S 1 # · · · #S n−1 × S 1 lie in the interior on the above curvature condition. Hence nontrivial topologies are allowed by the quadratic curvature condition. In fact, in [7] , by developing a mean curvature flow with surgery in high codimension, we will show that the above topologies, together with S n are the only allowed topologies. Finally for 2 ≤ n ≤ 7, it is likely that the above above coefficients are not optimal. In particular, for n = 2 as shown in [2] , direct control on the normal curvature in the curvature condition is likely to be required to obtain the optimal pinching condition.
Furthermore, we can show that not only that a singularity of a high codimension mean curvature flow that the quotient |A| 2 |H| 2 approaches that of the cylinder, that in fact unless the entire blowup surface becomes compact, there are parts of the submanifold that become arbitrarily close to the standard flat cylinder
Remarkably, the singularity that forms is codimension one. This paper is set out as below. In section two we gather up the relevant preliminary results and fix our notation. In section three, we prove the crucial gradient estimates. The key to the following estimate is that we have 3 n+2
> 0. The gradient estimate the allows us to control the mean curvature and hence the full second fundamental form on a neighbourhood of fixed size. In section four, we then prove the cylindrical estimates. This uses the rigidity of the evolution equation for |A| 2 |H| 2 reminiscent of B. White's proof of the asymptotical convexity. We also show that unless the entire submanifold becomes spherical, there exists regions of the submanifold that up to the first singular time become arbitrarily close in C ∞ to the standard codimension one cylinder.
Notation and preliminary results
We adhere to the notation of [1] . A fundamental ingredient in the derivation of the evolution equations is Simons' identity:
The timelike Codazzi equation combined with Simons' identity produces the evolution equation for the second fundamental form:
The evolution equation for the mean curvature vector is found by taking the trace with g ij :
The evolution equations of the norm squared of the second fundamental form and the mean curvature vector are
The last term in (2.4) is the squared length of the normal curvature, which we denote by |Rm ⊥ | 2 . For convenience we label the reaction terms of the above evolution equations by
2.1. Preservation of pinching. We consider the quadratic quantity
where c and a are positive constants. Combining the evolution equations for |A| 2 and |H| 2 yields
We have the following Kato type inequality which is a consequence of the Codazzi equation.
Lemma 2.1. For any hypersurface M 0 ⊂ R n+k we have that
This is proven in [1] (as in Hamilton [12] and Huisken [17] ) and shows that the gradient terms in (2.7) are strictly negative if c < we also have R 1 − cR 2 < 0 (see [1] ), so by the maximum principle: . Then this condition is preserved by the mean curvature flow.
In fact we will require a slight modification of this Lemma. For the above reaction terms in the evolution of (2.7), since Q ≤ 0 is preserved by the flow, we have
where A 1 is the second fundamental form in the mean curvature direction and . Then Q(x, t) ≤ 0 and we have the following evolution inequality
In particular, the reaction terms satisfy R 1 −cR 2 ≤ 0 whenever Q ≤ 0. As a consequence, we see that the flow preserves both |H| > 0 and (1.1).
The following existence theorem holds for the mean curvature flow of M 0 under the conditions of Theorem 3.1:
Theorem 2.4. The mean curvature flow of M 0 exists on a finite maximal time interval 0 ≤ t < T < ∞. Moreover, lim sup t→T |A| 2 = ∞.
The proof that the maximal time of existence is finite follows easily from the evolution equation for the position vector F :
, where R = max {|F 0 (p)| : p ∈ Σ}. The proof of the second part of the theorem can be found in [1] .
Gradient Estimates
In this section, we prove a gradient estimate for the mean curvature flow. We prove this estimate directly from the quadratic curvature bound, |A| < c|H| 2 , c ≤
3n
without needing the asymptotic cylindrical estimates. (In fact we will prove the cylindrical estimates as a consequence of the gradient estimates). The estimates derived here are pointwise gradient estimate, they depend only on the mean curvature (or equivalently the second fundamental form) at a point and not on the maximum of curvature as for more general parabolic type derivative estimates of [11] , [1] . We have 3 n + 2 − c > 0.
The inequality allows us to combine the derivative terms in the evolution equation of |A| 2 − c|H| 2 with the Kato-type inequality
Proof. We choose here κ n = 3 n+2 − c > 0. As
, n ≥ 2, κ n is strictly positive. We will consider here the evolution equation for
where g = α|H| 2 −|A| 2 −β where α and β are constants coming from the quadratic bounds on |A| 2 ensuring that g is strictly positive. Since |A| 2 − c|H| 2 < 0, |H| > 0 and M 0 is compact, there exists an
Hence we set
. From the evolution equations, (2.9), we get
The evolution equation for |∇A| 2 is given by
Let w, z satisfy the evolution equations ∂ ∂t w = ∆w + W, ∂ ∂t z = ∆z + Z then we find that
We then get
Then if we let w = |∇A| 2 and z = g with W ≤ −2|∇ 2 A| 2 + c n |A| 2 |∇A| 2 and Z ≥ 2κ n n+2 3 |∇A| 2 we get ∂ ∂t
We repeat the above computation with w =
and Z ≥ 0 to get
The nonlinearity then is
By the maximum principle, there exists a constant (with η chosen sufficiently small so that this estimate holds at the initial time) such that
Therefore we see that there exists a constant C =
We will also want to control the time derivative of curvature with constants with explicit dependence. In order to do so, we now derive quantitative estimates for the second derivative of curvature. Theorem 3.2. Let M be a solution of the mean curvature flow then there exists constants γ 3 , γ 4 depending only on the dimension and pinching constant so that
Proof. We have the following evolution equation
We now consider the evolution equation of the term
Therefore we get
We Together with the gradient estimate, this gives the following evolution equation
Similar computations give us
.
We now set
We have
Therefore we choose
Then we find, recalling that |H| ≥ α 1 that
which gives the desired estimate.
As a special case of our estimates we get the following statement. This corollary will be used extensively in the analysis of regions of high curvature. Note that a similar estimate plays an important role in the Ricci flow with surgery, [24, Equation (1.3) ]. That estimate is obtained via a compactness argument and is qualitative in nature.
Corollary 3.3. Let M t be a mean curvature flow. Then there exists c # , H # > 0 such that for all p ∈ M and t > 0 which satisfy
Note that the following Lemma is purely a statement concerning submanifolds subject to gradient estimate for the mean curvature and is not concerned with mean curvature flow.
Proof. We firstly consider the case where we have pointsq ∈ M such that |H(q)| < 
which implies that
We apply the gradient estimate to get
Differentiating this expression we get
Integrating this differential inequality, we get
This implies that
But we have We denote by g(t) the metric induced on M ⊂ R n+k at time t. Given p ∈ M and r > 0, we let B g(t) (p, r) ⊂ M the closed ball of radius r about p with respect to the metric g(t). In addition if t, θ are given such that 0 ≤ t − θ < t ≤ T 0 , we set
Such a set is called a (backward) parabolic neighbourhood of (p, t). Given a point (p, t), we setr
It is well known that estimates such as above give local Harnack estimates, that is local control on the size of the curvature in a neighbourhood of a given point.
Lemma 3.5. Let c # , H # be constants of Lemma 3.4. We define
for all (q, s) ∈P (p, t, r, θ).
Cylindrical Estimates
In the analysis of singularities of mean curvature flow, a crucial step are convexity estimates. For the mean convex mean curvature flow of hypersurfaces, it says that points of large curvature have almost positive definite fundamental form. For the three dimensional Ricci flow, there is a similar estimate known as the Hamilton-Ivey pinching estimate. Huisken-Sinestrari prove this estimate by a complex iteration scheme using the symmetric polynomials of second fundamental form with L p estimates, the Michael-Simon Sobolev inequality. For high codimension, we do not have convexity. Rather, we prove that a singularity which is not spherical must be cylindrical. We prove this by using the gradient estimate. This is in contrast to [20] , where the cylindrical estimates are derived as consequence of the convexity estimates of [18] . In this section, we will be interested in cylindrical singularities of form S n−1 × S 1 ⊂ R n+k . Therefore we will consider pinching of the form
where c n = min 4 3n
Proof. Let T max denote the first singular time. By parabolic regularity, we must have that
the second fundamental form A and the mean curvature H have the same blow up rate, so we must have
Suppose the estimate is not true. Then there exists an ε > 0 where we have lim sup
This limit exists since we have
Furthermore there exists a sequence of points p k and times t k such that as k → ∞,
We perform a parabolic rescaling ofM k t in such a way that the norm of the mean curvature at (p k , t k ) becomes n − 1. That is, if F k is the parameterisation of the original flow
, and we denote the rescaled flow by M k t and we define it as
For simplicity, we choose for every flow a local co-ordinate system centred at p k . In these co-ordinates we can write 0 instead of p k . The parabolic neighbourhoods
. By construction, each rescaled flow satisfies
The gradient estimates give us uniform bounds on |A| and its derivatives up to any order on a neighbourhood of the formP(0, 0, d, d) for a suitable d > 0. This gives us uniform estimates in C ∞ onF k . Hence we can apply Arzela-Ascoli and conclude that there exists a subsequence that converges in C ∞ to some limit flow which we denote byM ∞ τ . We now analyse the limit flowM
Hence the flowM ∞ t has a space-time maximum for
|H(p,τ )| 2 at (0, 0). Since the evolution equation for |A| 2 |H| 2 is given by
Now we have that
Furthermore if
Hence the strong maximum principle applies to the evolution equation of
|H| 2 and shows that
|H| 2 is constant. The evolution equation then shows that |∇A| 2 = 0, that is the second fundamental form is parallel. Finally this shows that locally M = S n−k × R k , [21] . As
we can only have
which is a contradiction. 
) shrinking neck.
Proof. We proceed by a proof by contradiction. Hence there exists ε, L, θ such that the conclusion of the theorem is not true. This implies that we can find a sequence of mean curvature flows {M j t } j≥1 and sequence of times {t j } j≥1 and points {p j } j≥1 , p j ∈ M j t j such that for the space-time points {p j , t j } j≥1 at the image points
so the gradient estimates apply.
We perform a parabolic rescaling ofM k t in such a way that the norm of the mean curvature at (p k , t k ) becomes n − 1. That is, if F k is the parameterisation of the original
, and we denote the rescaled flow by M k t and we define its parameterisation asF
For simplicity, we choose for every flow a local co-ordinate system centered at p k . In these co-ordinates we can write 0 instead of p k . The parabolic neighbourhoods
Now we have that
|H| 2 and shows that |A| 2 |H| 2 is constant. The evolution equation then shows that |∇A| 2 = 0, that is the second fundamental form is parallel. Finally this shows that locally M = S n−k × R k , (see [21] ). As for every (p, t) which is a contradiction.
The following theorem and proposition are independent of mean curvature flow and concern the compactness of manifolds (and submanifolds) subject to a curvature inequality. [8] ). For n ≥ 2 if M n is a submanifold of R n+k then at every p ∈ M n ,
The following theorem shows that either the surface is compact or there exists a neck region. We show that if α 0 is sufficiently large then this implies M is compact. Suppose that we have |A| 2 |H| 2 (q) < 1 n − 1 − η 0 , ∀q ∈ M q,α 0 .
We have that on M q,α 0
Applying the above lemma, if we choose α 0 = √ 2π √ η 0 then we have that
The following corollary shows that before the first singular time either a cylindrical neck exists or the flow becomes spherical. Corollary 4.6. Let M t be a smooth mean curvature flow of a closed submanifold with |A| 2 ≤ c n |H| 2 . Given neck parameters ε, k, L there exists H * depending on the initial data such that sup p∈Mt 0 H(p, t 0 ) ≥ H * then the submanifold at time t 0 either contains an (ε, k, L)-cylindrical neck or is spherically pinched, that is
